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UNIT-I

2-Marks

Define a subset A of M is bounded.

Define a subset A of M is totally bounded.

Give an example of a set which is bounded but not totally bounded.
Define connected set.

Given an example for a subset of R* which is not connected.
Define connected set with example.

Give an example of connected set in R*.

A=[0,1]U[2,3]. Is the set is connected. Give the reason to your answer.

5-Marks

. IfA; and 4, are connected subsets of a metric space M, and if A nA, =¢then show that 4; UA,is

also connected.
Let f be a continuous function from a metric space M;into a metric spaceM,. If M;is connected,

then prove that the range of fis also connected.

. Prove that the interval [0,1] is not a connected subset of R ;.
. Prove that the subset A of R is connected iff whenever a€ 4,be A with a<b, then c€ A for any

¢ such that a<c<b.

10-Marks

. Prove that the subset A of R’ is connected if and only if whenever ae A, be A with a < b then

ce A for any c such thata < ¢ < b.

. If the subset A of the metric space{M, p} is totally bounded, then prove that A is bounded.

. Let M be a metric space .Prove that the subset A of M is totally bounded if and only if every

sequence of points of A contains a Cauchy subsequence.

Let M be a metric space and let A be a subset of M. Then if A has either one of the following
properties it has the other.

i)It is impossible to find non-empty subsets 4,, A-of M such that A=4;, UA4,,4, N4, = @ and
A, NA,=0.

i) When (4, p) it itself regarded as a metric space, then there is no set except A and ® which
is both open and closed in {4, p).




UNIT-II

2-Marks

1. Define complete metric space with example.

2. Define contraction map on a metric space {M, p).

3. State the Picard fixed-point theorem.

4. State finite intersection property.

5. Define a compact metric space and give an example of a space which is not compact.

6. Define inverse image.

7. Define continuous at a point p.

5-Marks

1. State and prove generalization of the nested interval theorem in a complete metric space.

2. Show that a closed subset of a complete metric space is complete.

3. If A is a closed subset of the compact metric space {M, p}, then the metric space {4, p} is also
compact.

4. Show that a closed subset of a compact metric space is compact.

5. Let {M, p)be a complex metric space for each n €l ,letF,, be a closed bounded subset of M
such that,i)f;, @ F; 2 2 F, D F,;; 2 - andii)diam F,, = 0 as n— @ ,then show that

l_”F;, contains precisely one point.

6. Prove that if the real-valued function fis continuous on the compact metric space M, then f
attains a maximum value at some point of M. Also, f attains a minimum value at some point of
M.

7. If the real-valued function f is continuous on the closed bounded interval [a,b]then prove that
attains a maximum and a minimum value at points of [a, b].

10-Marks

1. Prove that, the metric space <M ,p> is compact if and only if every sequence of points in M
has a subsequence converging to a point in M.

2. Prove that a contraction f of a complete metric space S has a unique fixed point p.

3. State and prove Picard’s fixed point theorem.

4. If the metric space M has the Heine-Borel property then prove that M is compact.

5. Let{M, p} be a complete metric space. If T'is a contraction on M , then show that there is one

and only one point x in M such that Tx = x.




6. If M is a compact metric space, then M has the Heine-Borel property .

UNIT-III

2-Marks

1. If each of the subsets E1 ,E2,... of R'is of measure ,then {( En is also of measure Zero.

n=l

N

If f € [a,b], geRla, b] and if f(x) <g(x) almost everywhere (a<x<b), then Tf < ig.

Define derivatives.
Define the Riemann integrable on[a,b] .

State the Rolle’s Theorem.

Uk Ww

For each n €1 let g, be the

subdivision {{], i 5 . L} of [0,1].compute lim U[f; g, ] as n— @

7. Show that the function f
(x) = x“is derivable on [0,1].

8. Prove that every countable subset
of R has measure zero.

9. What is mean by measure zero.
10.Find a suitable point of ¢ of Rolle’s theorem for f(x)=(x-a)(x-b), (a= x = b).

5-Marks

1. Let D be a bounded function on [a,b]. Then
every upper sum for j is greater than or equal to every lower sum for f. Thatis, if o and
r are any two subdivisions of [a ,b], then
Ulf;o]=>Lif;21.

2. If s <Riab) then |fleRiab) and|[fI< || £].

3. Prove that if £ € [a,Bland @ < ¢ < b, then f € [a,c], f € [e,d]and[  f = [*f + [ f.

4. If feR[a, b],geR[a, b], then show that f+geR[a, b] and Jf'{f +g) = Jff + J;‘ qg.

5. Prove that if,f € [a, b] and A is any real number, then and J:' Af = 4 j; f.
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f'(clexists and f'(c) =

Nown bk w N

. If the real-valued function f'has a derivative at the point ce R*, then prove that fis continuous

at c.

. If fhas a derivative at every point of [a,b], then show that f ' takes on every value between

f'(a) and (D).
State and prove Rolle’s theorem.
Let f be continuous real valued function on the closed bounded interval [a ,b]. If the

maximum value for fis attained at c where a<c<b, and if f'(¢) exists, then f'(c)=0.

10-Marks

. Let f be a bounded function on [a, d],then f € [a, b] if and only if for each € = 0 there exists a

subdivision ¢ of [a, b] such that U[f; o] < L[f;0] + € .

If feR[a, b],geR[a, b], then show that f+geR[a, b] and f(f +g) = Jff + J: g.
Prove that, if f € [a,b] and @ < ¢ < b, then f € [a,c], f € [c,d] andff = J:f + JH:J f.

Prove that if,f € [a, b] and A is any real number, then and J:' Af =4 j; f.

If f be a 1-1 real valued function on an interval J.Let ¢ be the inverse function for f. If f is

continuous at ¢ € J, and if ¢ has a derivative at d=f(c) with ¢ '(d) # 0,then show that
1

af r A
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State and prove the Rolle’s Theorem.
Suppose f has a derivative at ¢ and g has a derivative at f(c).then ¢ = g. f has a derivative at ¢

and @' (c) = g'[f(c)]f ' (c).

UNIT-IV

2-Marks

State the Law of the Mean.

Prove that the improper integral | %d xis diverges.

Define Cauchy principle value.

. ~l 1
Examine the convergence of | = dx.

If f(x)=0 for every x in the closed bounded interval [a, b] then f is constant on [a, b].
State the important application of the law of mean.

If f(x)=g'(x) for all x in the closed bounded interval [a,b] then f-g is constant(ie)
f(x)=g(x)+c @< x<b) for some ceR.

5-Marks




1. Prove that if f'(x) = O for every x in the closed bounded interval [a,b] , then fis constant on
[a,b] ,i.e.,f(x)=C (a<x<b)formsome C €R .

2. State and prove the Law of the Mean.

3. Let fand g be continuous function on the closed bounded interval [a ,b] with g(a) = g(b).

If both fand g have a derivative at each point of (a,b), and f'(t)&g’(t) are not both equal
to zero for any te(a,b) , then prove that there exist a point C €(a,b) such that
[ _fo-fla
g') gb)-ga
4. Prove that the improper integral Jﬂﬂl %r dx is divergent.

1
e

5. State and Prove the First fundamental theorem of calculus.
6. If f is continuous function on the closed bounded interval [a, b], and

ifg’ (x) = f(x)(a < x < b) then [ F(x)dx = ¢(b) — p(a).

10-Marks

State and prove the second fundamental theorem of calculus.

. . rl 1 .
Prove that the improper integral | N dxdiverges.
Prove that improper integrals fﬂl —— dx converges.

| e
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State and prove first mean value theorem.

If f €[ab],ifF(x) = j:"f(r}dt (a = x = b), and if f is continuous at X, € [a, b],then

prove thatF " (x)=f(x;).

6. If f is continuous real valued function on the interval J and if f '(xx) = 0 for all x in J except
possibly the end points of J, then prove that { is strictly increasing on J.
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UNIT-V

2-Marks

State the Taylor’s formula with the integral form of remainder.

. logx
Evaluate lim |—| as x — o,

State Bionomial theorem.
State Binomial series.
Write the Taylor’s expansion of a function f(x) at x=a.

S o D

Evaluate lim )
x—0" ——t
sinx

Find lim, ., ———.
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. Write Taylor’s series about x=a.
9. Sate the theorem whichestablish Taylor’s formula with the Cauchy form of the remainder.

5-Marks
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t+ 1y —x

. Tany—Xx
. Evaluatelim, ., ——.

State and prove the Taylor’s formula with the Lagrange form of the remainder.

. Let f be real valued function on the interval [ a , a+h ] such that £ "1 (x) exists for everyx€ [

a,a+h ] and """ is continuous on[ a ,a+h ].Let Ry (X) =i J:{r — ) FERL) dt

(x €[ a,a+h ]; k=0,1,...n),then prove thatR(x) — Rip+1)(X) = fl'h'j':ﬂ:' (x —a)* (x€[ a, a+h |;
k=1,2,...n).
If f(x) = e* then f(x) = ¢* withn=2 and e?! =~ 1.105.prove that e”* < 0.0002.

x—tanx

. BEvaluate lim, o ———by using L" Hospital rule.

. Let ® be a continuous function on the closed bounded interval (a,b), and let g be a continuous

function on (a,b) such that g(t)>0,(a<t<b).Then prove that there exists a number ¢ with a<c<b
such that [ @ (£) g(t)dt = 9(c) [, g(t)dt.

10-Marks

. State and prove Taylor’s formula with the Lagrange form of remainder.
. Show that the number O which occurs in the Taylor’s theorem with Lagrange’s form

ofremainder aftern times approaches the limit

3

—— as h approaches zero provided that

"1 (x) is continuous and different from at x=a.

State and prove Taylor’s theorem

State and prove the binomial theorem.
Find the series expansion of f(x) = cosxby Maclaurin’s theorem.

Let f be a real valued function on [a, a+h] such that f'***' is continuous on [a, a+h] then prove

L N

.'I:ﬁ:l}{rr — G}E + o+ {J 'ﬂ:'}{«x_ — H]'” + R:-.'+1 {X}'

It

that F(x) = fla) + (Jr) (— a) 4 {f.,

I

s

whereR,,, 1 (x) = =[x —t)" F+(¢)dt.

. If m € R is not a negative integer, then

mim-—1) mim—1)1(m—-2)..0m—-n+1)

— x4 - x™ + -+, Provides that | x| < 1.

(1+x)" =1 +%x+
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